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Abstract—Device-to-Device (D2D) assisted coded caching is a
promising approach to improve the communication efficiency
over networks. However, the basic D2D coded caching scheme
requires a subpacketization size that increases exponentially with
the number of users. This is infeasible since the file size needs
to be extremely large in the server. It is desirable to design a
scheme that achieves a small subpacketization size while keeping
the rate low. Recently, D2D placement delivery array (DPDA)
was proposed to address the high subpacketization issue of D2D
coded caching. This paper investigates the design of DPDA from
the perspectives of linear algebraic and additive combinatorics.
It is shown that a linear subspace possessing certain property can
be employed in the design of DPDA. Based on this, a new D2D
coded caching scheme with a subquadratic subpacketization size
is derived through shortening the binary Reed-Muller codes. In
order to obtain a D2D coded caching scheme with a linear sub-
packetization size, a new combinatorial structure called proper
disjoint 3-term arithmetic progression (3-AP) free set is further
introduced, and a deterministic algorithm for constructing it
is provided with a polynomial complexity. Both the theoretical
and numerical results reveal that the proposed schemes have
a superior performance in terms of subpacketization size or
transmission rate.

Index Terms—Coded caching, placement delivery array, linear
subspace, subpacketization size, proper disjoint 3-AP free set.
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I. INTRODUCTION

THE growing number of network users and their increasing
appetite for video streaming services lead to a severe

network congestion during the peak traffic times. Caching that
exploits users’ local memories to provide a faster demand
service becomes a promising technology for future commu-
nication systems. A more effective way of caching is through
coding, which was first studied by Maddah-Ali and Niesen
(MN) [1]. It further reduces the network burden by taking
advantage of the potential coded multicasting opportunities
distributed over the networks. The whole procedure in coded
caching typically involves two phases that are jointly designed
to pursue a low communication load. In the placement phase,
the server prefetches some proper contents to fill each user’s
cache without the knowledge of later demands. In the delivery
phase, the server will be informed with the users’ requests and
then broadcasts some coded packets demanded by the users
based on their previous cache contents. The worst case bits of
the delivering packets normalized by the file size is called the
transmission rate. Within this paradigm, if each user directly
caches a subset of the packets without coding, it is called an
uncoded placement. Otherwise, the placement is called coded
placement.

Inspired by the seminal work of [1], several follow-up
researches focused on the improvements of the achievable
rates and lower bounds [2], [3], [4], [5]. Despite the sig-
nificant benefits of coded caching for wireless networks, it
suffers a practical challenge, i.e., each library file needs to
be partitioned into F non-overlapping packets, where F is
called subpacketization size. It increases exponentially with
the number of users. There has been a large amount of work
aiming to reduce the subpacketization size. But they are at
the cost of slightly increasing the transmission rate [6], [7],
[8], [9], [10], [11], [12], [13], [14], [15]. In particular, the
work of [6] introduced a combinatorial array called placement
delivery array (PDA) in realizing a coded caching scheme, and
thereby constructed two new coded caching schemes that have
a smaller subpacketization size than that of the MN scheme.
By using the lifting construction for low-density parity-check
codes, the work of [9] proposed some new coded caching
schemes with a linear subpacketization size for large memory
ratios. Based on the Hamming distance, the work of [12]
constructed some new coded caching schemes that can yield
a linear subpacketization size and a large coding gain for
the coded placement setting. However, they can only support

0090-6778 © 2026 IEEE. All rights reserved, including rights for text and data mining, and training of artificial intelligence and
similar technologies. Personal use is permitted, but republication/redistribution requires IEEE permission.

See https://www.ieee.org/publications/rights/index.html for more information.
Authorized licensed use limited to: SUN YAT-SEN UNIVERSITY. Downloaded on May 25,2026 at 08:41:57 UTC from IEEE Xplore.  Restrictions apply. 

https://orcid.org/0000-0002-8584-3474
https://orcid.org/0000-0003-0360-0610
https://orcid.org/0000-0002-1725-1901
https://orcid.org/0000-0003-0495-332X
https://orcid.org/0009-0006-1222-1734
https://orcid.org/0000-0003-2999-876X


WU et al.: CODED CACHING DESIGN FOR D2D NETWORKS WITH REDUCED SUBPACKETIZATIONS 6675

the scenario with a fixed number of users. Later, the work
of [14] established a relationship between the injective arc
coloring of regular digraphs and PDA. It can accommodate
a flexible number of users and a linear subpacketization size.
This connection further generalizes the one characterized by
Ruzsa-Szeméredi graphs [15]. Other effective approaches for
reducing the subpacketization size include the use of projective
geometry and line graphs [7], hypergraphs [10], strong edge
coloring of bipartite graph [11], and combinatorial design
[13].

Recently, the MN scheme has been extended for the wireless
D2D caching networks. It enables the users to communicate
with each other for improving the energy and spectral effi-
ciency, providing a stable communication environment with
controllable interference. Hence, the study of coded caching
for D2D networks becomes an active research topic [16],
[17], [18], [19], [20], [21], [22], [23], [24], [25], [26], [27],
[28], [29], [30]. For instance, the work of [16] proposed a
D2D coded caching scheme that has an asymptotically optimal
transmission rate for large memory ratios. In [17], an optimal
rate-memory trade off of D2D coded caching was derived
under the assumptions of uncoded placement and one-shot
delivery. The work of [18] considered a D2D caching network
scenario in which only a part of users join in delivering the
missing packets to other network users. The scheme of [19]
extended the work of [16] to a more general framework by
introducing a new combinatorial array called D2D placement
delivery array (DPDA). Similar to [19], the authors in [20]
proposed a hypercube based D2D coded caching scheme with
a subexponential subpacketization size. Based on the grouping
method, a D2D coded caching scheme that achieves an optimal
transmission rate with a smaller subpacketization size was
proposed in [21]. In addition, the work of [22] proposed some
new DPDA based coded caching schemes through modifying
the existing PDAs. A more recent work of [23] introduced a
novel packet type based approach to the D2D coded caching
design with a low subpacketization size while preserving
the optimal rate. As to the network security, the work of
[24] proposed a D2D coded caching scheme that can avoid
the information leakage, which is realized by the imperfect
secret sharing technique [31]. In recent years, D2D coded
caching networks have been further investigated for more
practical settings, including the cases with distinct cache sizes
[27], dynamic networks [28], multi-access networks [29], and
wireless multi-hop networks [30].

As of now, there is scarce of work on designing efficient
coded caching schemes for D2D networks, especially in real-
izing a low subpacketization size. Several existing ones either
have a large subpacketization size or a high transmission rate,
which is infeasible for the real-world applications. This paper
considers the DPDA construction from the perspectives of
linear algebraic and additive combinatorics, aiming to design a
D2D coded caching scheme that can not only support a small
subpacketization size but also achieve a low transmission rate.
Our major contributions include:
• We discover a natural relationship between a linear

subspace and a D2D coded caching. It is shown that a
linear subspace that satisfies certain condition can be used

to construct a DPDA. This enables the design of DPDA
based on the existing structure of linear codes. A new class
of such linear subspaces are derived through shortening the
binary Reed-Muller codes [32]. By further elaborating such
subspaces, a new class of DPDAs that can realize a D2D
coded caching scheme with a subquadratic subpacketization
size is obtained. It is shown that the proposed DPDAs can
yield a large coding gain. This scheme will be characterized
in Theorem 2.
• Inspired by the 3-term arithmetic progression (3-AP) free

set of [33], we formulate a novel combinatorial structure called
proper disjoint 3-AP free set. Integrating this combinatorial
structure, a new framework for constructing DPDA is proposed
based on the Latin square of [34]. It is shown that a DPDA
with the same number of rows and columns can be developed
by such arithmetic progression free sets. This property will
be characterized in Theorem 3. Compared with the existing
characterizations, the key advantage of the proposed frame-
work is its incorporation of D2D placement and delivery
strategies within the constraints of the proper disjoint 3-AP
free set. Performance results show that the proposed schemes
are capable of yielding a competent subpacketization size or
transmission rate performance in comparison with the existing
D2D coded caching schemes.

The rest of this paper is organized as follows. In Section II,
we present the DPDA based coded caching network system
and the relevant knowledge of binary Reed-Muller codes. The
new D2D coded caching schemes are proposed in Section III.
Theoretical and numerical comparisons are presented in Sec-
tion IV. Our conclusions will be given in Section V.

Notations: For simplicity, the sets, vectors and arrays are
denoted by curlicue letters, bolded lower-case letters and
bolded upper-case letters, respectively. Let Zq denote the
integer ring modulo q. Let Znq further denote a set of vectors
whose elements are obtained by n-fold Cartesian product
of Zq . Symbol N+ denotes the set of positive integers.
We use [m : n] to denote the set of consecutive integers
{m,m+1, . . . , n}. Let dH(u, v) denote the Hamming distance
between two vectors u and v, i.e., the number of coordinates
that u and v differ. Let

(
[0:m−1]

g

)
denote the collection of all

size-g subsets of [0 : m− 1]. Given a length-m vector c and
a set D ⊆ [0 : m− 1], let c|D denote a vector obtained by
taking the coordinates indexed by j ∈ D. Let | · | represent
the cardinality of a set. Finally, the vectors in our examples
are sometimes written as strings, e.g., (0, 0, 0, 0) is written
as 0000.

II. PRELIMINARY

This section formulates the D2D coded caching network
model, and briefly reviews the DPDA of [19] that can realize
a D2D coded caching scheme and the relevant knowledge of
binary Reed-Muller codes.

A. D2D Caching Network Model

Let us consider a centralized D2D coded caching network
in Fig. 1, which includes a server having N equal-sized files.
It is communicated to K users through an error free wireless
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Fig. 1. D2D coded caching network.

broadcast link. Each user is equipped with a cache memory
of size M files. In order to guarantee each user’s demand
can be satisfied, KM should be larger than N . The network
users can be connected with each other through error free D2D
communication links. The N files and K users are represented
by two setsW = {W0,W1, . . . ,WN−1} and K = [0 : K − 1],
respectively. The communication over this D2D network is
realized by the following two phases.
• Placement Phase: Each file in the library is partitioned

into F equal-sized packets, i.e., Wn = {W f
n |f ∈ [0 : F − 1]},

n ∈ [0 : N − 1]. By using a well designed placement strategy,
the cache of user k is filled up with some proper packets
without any prior information of later user demands, where
k ∈ K. The packets cached by user k is denoted by Zk, which
should be subjected to the memory constraint of |Zk| ≤M .
• Delivery Phase: The delivery phase begins when the

user demands are revealed. Assume that user k requests
file Wdk from W . We denote the user demand vector as
d = (d0, d1, . . . , dK−1), where dk ∈ [0 : N − 1]. After
receiving the users’ requests, a set of transmissions of size
at most RF packets will be delivered over the wireless D2D
communication links so that each user can reliably decode its
desired file, where R is called the transmission rate. One of
the important objectives in coded caching is to jointly design
the cache content placement and the delivering messages so
that the achievable rate for any possible demands can be
minimized.

B. D2D Placement Delivery Array

The concept of DPDA was first introduced in [19], whose
definition is described as follows.

Definition 1 ([19]): Given positive integers K, F , Z, and
S, an F × K array D = (df,k), where f ∈ [0 : F − 1],
k ∈ [0 : K − 1], and df,k ∈ [0 : S − 1] ∪ {∗}, is called a
(K,F,Z, S) DPDA if the following conditions are satisfied:

B1. Each column has exactly Z “∗” s;
B2. Each integer of [0 : S − 1] appears at least once in the

array;
B3. For any two distinct entries df1,k1 and df2,k2 , df1,k1 =

df2,k2 = s is an integer only if
(a) f1 6= f2 and k1 6= k2, i.e., they lie in distinct rows and

distinct columns;

Algorithm 1 Coded Caching Scheme Based on DPDA [9]
1: Procedure Placement (D, W)
2: Split each file Wn ∈ W into F packets as Wn =
{W f

n | f ∈ [0 : F − 1]}.
3: For k ∈ K do
4: Zk ← {W f

n | df,k = ∗,∀n ∈ [0 : N − 1]};
5: Procedure Delivery (D,W, ϕ,d)
6: For s = 0, 1, . . . , S − 1 do
7: User ϕ(s) sends

⊕
df,k=s,f∈[0:F−1],k∈[0:K−1]W

f
dk

.

(b) df1,k2 = df2,k1 = ∗, i.e., the corresponding 2 × 2
subarray generated by rows f1, f2 and columns k1, k2 must
be in one of the following forms(

s ∗
∗ s

)
,

(
∗ s
s ∗

)
.

B4. There exists a mapping ϕ defined over [0 : S − 1] to
[0 : K − 1] such that df,k = s for any s ∈ [0 : S − 1], then
df,ϕ(s) = ∗.

D =


∗ 3 1 ∗
3 ∗ 0 ∗
∗ 2 ∗ 1
2 ∗ ∗ 0

 , D′ =


0 ∗ ∗ ∗
∗ 0 ∗ ∗
∗ ∗ 0 ∗
∗ ∗ ∗ 0

 (1)

Note that if D only satisfies Conditions B1, B2 and B3, it
is referred to as a PDA [6]. It can be seen that the DPDA
imposes more constraints than that of the PDA. For example,
the above array D of (1) represents a (4, 4, 2, 4) DPDA, since
all the conditions of Definition 1 are satisfied. Furthermore, it
is easy to check that the array D′ is a PDA. However, it is not
a DPDA due to the violation of Condition B4. Therefore, a
DPDA is a PDA, but not vice versa. The DPDA based coded
caching process is similar with the one realized by PDA. The
main distinction between them lies in the delivery phase. The
coded messages in D2D networks are transmitted from the
corresponding users rather than the centralized server. This
implies that the packets of coded message must be cached
by at least one network user, i.e., Condition B4 needs to be
further satisfied compared with the original PDA framework
of [6].

Algorithm 1 was proposed to describe the DPDA based
coded caching process. Given a (K,F,Z, S) DPDA D, its
row indices and column indices denote the packets and users,
respectively. If df,k = ∗, user k stores the f th packet of
each file in the placement phase. Condition B1 of Defi-
nition 1 indicates that each user has a cache memory of
size M = NZ

F files. The XOR of the request packets⊕
df,k=s,f∈[0:F−1],k∈[0:K−1]W

f
dk

will be transmitted through
the D2D communication links at the sth round of delivery.
Conditions B3 and B4 of Definition 1 ensure that each user’s
request packet can be obtained, since it has stored all the other
packets in the coded message except the desired one. Finally,
Condition B2 of Definition 1 indicates that the number of
delivering packets is equal to S, and the transmission rate will
be R = S

F . Therefore, a (K,F,Z, S) DPDA D can realize a
(K,M,N) D2D coded caching scheme with a memory ratio of
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M
N = Z

F , an achievable rate of R = S
F , and a subpacketization

size of F .
The following Example 1 is formulated to illustrate the D2D

coded caching process that is realized by a DPDA.
Example 1: The DPDA D of (1) can realize a (4, 2, 4) D2D

coded caching scheme as
• Placement Phase: Each file in the server is partitioned

into four equal-sized packets, i.e., Wn = {W 0
n ,W

1
n ,W

2
n ,W

3
n},

where n ∈ [0 : 3]. The contents cached by each user are

Z0 = {W 0
n ,W

2
n | n ∈ [0 : 3]};

Z1 = {W 1
n ,W

3
n | n ∈ [0 : 3]};

Z2 = {W 2
n ,W

3
n | n ∈ [0 : 3]};

Z3 = {W 0
n ,W

1
n | n ∈ [0 : 3]}.

• Delivery Phase: Suppose that the user demand vector is
d = (0, 1, 2, 3). The messages delivered by four users are:
User 0: W 0

2 ⊕W 2
3 ; User 1: W 1

2 ⊕W 3
3 ; User 2: W 3

0 ⊕W 2
1 ;

User 3: W 1
0 ⊕ W 0

1 . It is easy to check that each user can
reconstruct its request file. Note that there are only four coded
messages delivered over the D2D communication links. The
transmission rate is R = 1.

C. Reed-Muller Codes

Let Z2[x0, x1, . . . , xm−1] denote a polynomial ring with
m variables over binary field. Given a polynomial h ∈
Z2[x0, x1, . . . , xm−1] and a vector u = (u0, u1, . . . , um−1) ∈
Zm2 , the evaluation of h at vector u is denoted as Eu(h) =
h(u0, u1, . . . , um−1). Let E(h) denote the evaluation vector of
h whose coordinates are the evaluations of h over 2m vectors,
i.e., E(h) = (Eu(h)|u ∈ Zm2 ). Binary Reed-Muller code with
parameters m and r can be obtained from the evaluation
vectors of polynomials with m variables and degree no greater
than r. In particular, the rth order binary Reed-Muller code
RM(r,m) can be constructed by the following vectors

{E(h)|h ∈ Z2[x0, x1, . . . , xm−1],deg(h) ≤ r},

where deg(h) denotes the algebraic degree of polynomial h.
Given I ⊆ [0 : m− 1], let xI =

∏
i∈I xi denote a monomial

induced by I. Note that for any positive integer n, the equation
xn = x always holds over binary field. It just needs to consider
the polynomials in which the degree of each xi is no greater
than one. It can be seen that all the linear combination of the
monomials in {xI |I ⊆ [0 : m− 1], |I| ≤ r} will form such
polynomials of degree no greater than r. Note that the above
set has

∑r
i=0

(
m
i

)
monomials, and the encoding process maps

the coefficients of these monomials to their corresponding
evaluation vectors. This implies that RM(r,m) has a code
length of n = 2m and a dimension of k =

∑r
i=0

(
m
i

)
.

Moreover, its minimum Hamming distance can be derived
from binary monomial weight properties. Since RM(r,m)
is spanned by evaluation vectors of m-variable monomials
of degree no greater than r, a monomial of degree θ has an
evaluation vector weight of 2m−θ. For any non-zero codeword,
let t (t ≤ r) denote the degree of its highest homogeneous
component. Its weight is at least 2m−t ≥ 2m−r. A monomial
of degree r can achieve this bound, thus RM(r,m) has a
minimum Hamming distance of 2m−r. The generator matrix

of RM(r,m) can be derived by the evaluation vectors of
{E(xI)|I ⊆ [0 : m− 1], |I| ≤ r}. For some more details
about Reed-Muller codes, interested readers may refer to [32].
The following Example 2 illustrates the above generation
procedure.

Example 2: Given m = 3 and r = 2, based on the evaluation
vectors of monomials with 3 variables and degree no greater
than 2, we have E(1) = (1, 1, 1, 1, 1, 1, 1, 1);E(x0) =
(1, 1, 1, 1, 0, 0, 0, 0); E(x1) = (1, 1, 0, 0, 1, 1, 0, 0);E(x2) =
(1, 0, 1, 0, 1, 0, 1, 0); E(x0x1) = (1, 1, 0, 0, 0, 0, 0, 0);
E(x0x2) = (1, 0, 1, 0, 0, 0, 0, 0); E(x1x2) =
(1, 0, 0, 0, 1, 0, 0, 0). It can be seen that these vectors
can form a generator matrix of RM(2, 3) as

G0 =



1 1 1 1 1 1 1 1
1 1 1 1 0 0 0 0
1 1 0 0 1 1 0 0
1 0 1 0 1 0 1 0
1 1 0 0 0 0 0 0
1 0 1 0 0 0 0 0
1 0 0 0 1 0 0 0


.

III. THE NEW D2D CODED CACHING SCHEMES

This section proposes two new theoretical frameworks of
DPDA construction from the linear algebra and and addi-
tive combinatorics perspectives. The first one depends on
a delicate selection of linear subspaces that satisfy certain
condition. The second one is realized by strengthening a well
known combinatorial structure called 3-AP free set. Using
these frameworks, several small subpacketization D2D coded
caching schemes are proposed with a low achievable rate.

A. Strong Linear Subspace Based Construction

A linear subspace that contains the all-ones vector as its an
element is called a strong linear subspace. Let A0 denote a
strong linear subspace over binary field with a dimension of k,
minimum Hamming distance of d, and vector length of n. Let
Aj further denote a strong linear subspace over binary field
with the same dimension of k, minimum Hamming distance of
d
(j)
min ≥ d−j, and vector length of n−j, where j ∈ [1 : d− 1].

In order to design the later set partition, it is assumed that
k ≤ n − d + 1. Let H denote a vector pair set such that the
Hamming distance between two vectors of each pair is greater
than n− d, i.e.,

H = {(u, v)|dH(u, v)
> n− d,u, v ∈ Zn0

q0 × Zn1
q1 × · · · × Zns−1

qs−1
},

where n =
∑s−1
i=0 ni. In particular, the set of vector pairs (u,

v) such that dH(u, v) = n − j is denoted by HdH=n−j . The
vector pair set H is first partitioned into d disjoint subsets
based on their Hamming distances, i.e., H =

⋃d−1
j=0 HdH=n−j .

Based on the strong linear subspace Aj , the subset HdH=n−j
is further partitioned into several smaller subsets. Each one
can be obtained by

HS,j,Aj ,βdH=n−j = {(u, v), (u′, v′) | u|S = v|S = u′|S = v′|S = j,
(u, v)||e = (u′, v′), (u, v) ∈ HdH=n−j , (u′, v′) ∈ HdH=n−j},

(2)
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where S ∈
(
[0:n−1]

j

)
is a vector index set of size j, j

is a vector corresponding to the same index set S, and
β is the order number of subset induced by Aj , S, and
j. Note that the relationship (u, v)||e = (u′, v′) means
that (u|[0:n−1]\S)|i = (u′|[0:n−1]\S)|i and (v|[0:n−1]\S)|i =
(v′|[0:n−1]\S)|i if ei = 0, and otherwise (u|[0:n−1]\S)|i =
(v′|[0:n−1]\S)|i and (v|[0:n−1]\S)|i = (u′|[0:n−1]\S)|i, where
S = ∅ for j = 0, and e = (e0, e1, . . . , en−j−1) ∈ Aj . It can be
seen that these partitioned subsets are pairwise disjoint. This
is because Aj is a strong linear subspace, and each subset can
be regarded as an equivalence class. Let us present a simple
example to describe how the above partitioned subsets are
formulated.

Example 3: Let A0 = {(0, 0), (1, 1)} and A1 = {(0), (1)}
denote two strong linear subspaces over binary field with a
dimension of 1. Note that n = 2, d = 2, and k = 1, we have

H = {(u, v)|dH(u, v) > n− d,u, v ∈ Z2
2}

= {(00, 01), (00, 10), (00, 11), (01, 00), (01, 10), (01, 11),
(10, 00), (10, 01), (10, 11), (11, 00), (11, 01), (11, 10)}.

The vector pair set H is first partitioned into two subsets based
on the Hamming distance, i.e.,

H = HdH=1 ∪HdH=2 = {(00, 01), (00, 10), (01, 00), (01, 11),
(10, 00), (10, 11), (11, 01), (11, 10)} ∪ {(00, 11), (01, 10),
(11, 00), (10, 01)}.

Based on the strong linear subspace A1 and the partition rule
of (2), the subset HdH=1 is further partitioned into four smaller
subsets as

HdH=1 = H{0},0,A1,0
dH=1 ∪H{1},0,A1,0

dH=1 ∪H{1},1,A1,0
dH=1 ∪

H{0},1,A1,0
dH=1

= {(01, 00), (00, 01)} ∪ {(10, 00), (00, 10)}∪
{(01, 11), (11, 01)} ∪ {(10, 11), (11, 10)}.

More precisely, given A1 = {(0), (1)}, S = {0}, and j = (0),
let us select vector (01, 00) from HdH=1. If vector pairs (u, v)
and (01, 00) belong to the same subset, the first coordinate of
both u and v must be 0 due to S = {0} and j = (0). Further-
more, given e = (1) ∈ A1, it follows from the relationship
(u, v)||e = (u′, v′) that the second coordinates of u and v are
0 and 1, respectively. Therefore, we have (u, v) = (00, 01).
Note that the subset induced by A1 = {(0), (1)}, S = {0},
and j = (0) is unique. The order number β is equal to 0. This
implies that H{0},0,A1,0

dH=1 = {(01, 00), (00, 01)}. Similarly, the
subset HdH=2 can also be partitioned into two subsets as

HdH=2 = H∅,A0,0
dH=2 ∪H

∅,A0,1
dH=2

= {(00, 11), (11, 00)} ∪ {(01, 10), (10, 01)}.

For the convenience of later DPDA construction, the above
partitioned subsets are represented by H0, H1, . . ., H |H|

2k
−1,

respectively. Applying these partitioned subsets, a new DPDA
can be obtained by the following construction.

Construction 1: Given the above partitioned subsets,
a qn0

0 qn1
1 · · · q

ns−1

s−1 (2k − 1) × qn0
0 qn1

1 · · · q
ns−1

s−1 array

D = (d(u,r),v), where (u, r) ∈ Zn0
q0 × Zn1

q1 × · · · ×
Zns−1
qs−1 × [0 : 2k − 2] and v ∈ Zn0

q0 × Zn1
q1 × · · · × Zns−1

qs−1 , can
be constructed with its entries defined as

d(u,r),v

=


(i, γ), if (u, v) ∈ Hi and there exists an integer

γ such that f(u, r) ∈ [γ(2k − 1) + 1 : (γ

+1)(2k − 1)];

∗, otherwise,

(3)

where f(u, r) denotes the occurrence number of the first
coordinate i above the row indexed by (u, r) including row
(u, r) itself. Note that u in row indices of D are arranged in
the lexicographic order from top to bottom for each r.

Based on the above construction, the following result pro-
vides a class of DPDAs that can realize a D2D coded caching
scheme with a subquadratic subpacketization size.

Theorem 1: Given any ni, s ∈ N+ and distinct
positive integers q0, q1, . . . , qs−1 with qi ≥ 2 and∑s−1
i=0 ni = n for i ∈ [0 : s− 1], there always

exists a(qn0
0 qn1

1 · · · q
ns−1

s−1 ,(2k − 1)qn0
0 qn1

1 · · · q
ns−1

s−1 ,(2k −
1)(qn0

0 qn1
1 · · · q

ns−1

s−1 − η),qn0
0 qn1

1 · · · q
ns−1

s−1 η)DPDA
which supports a(qn0

0 qn1
1 · · · q

ns−1

s−1 , M,N ) D2D
coded caching scheme with a memory ratio of
M
N = 1− η

q
n0
0 q

n1
1 ···q

ns−1
s−1

, an achievable rate of R = η
2k−1 , and

a subpacketization size of (2k − 1)qn0
0 qn1

1 · · · q
ns−1

s−1 , where
η =

∑n
w=n−d+1

∑
I⊆X ,|I|=w

∏
q
(β)
α ∈I

(qα − 1) and X =

{q(0)0 , q
(1)
0 , . . . , q

(n0−1)
0 , q

(0)
1 , q

(1)
1 , . . . , q

(n1−1)
1 , . . . , q

(0)
s−1, q

(1)
s−1,

. . . , q
(ns−1−1)
s−1 }.

Proof: Without loss of generality, let us assume that
d(u,r),v = d(u′,r′),v′ = (i, γ), and Hi is a subset derived from
subspace Aj . If (u, r) = (u′, r′), based on (3), it can be seen
that (u, v) ∈ Hi and (u, v′) ∈ Hi. This implies that v = v′ due
to the partition rule of (2). Therefore, we have (u, r) 6= (u′, r′),
i.e., each vector entry occurs in distinct rows. If v = v′, we
have (u, v) ∈ Hi and (u′, v) ∈ Hi. This implies that u = u′
and r 6= r′. Based on the above assumption, there must exist an
integer γ such that f(u, r) ∈ [γ(2k− 1)+1 : (γ+1)(2k− 1)]
and f(u, r′) ∈ [γ(2k − 1) + 1 : (γ + 1)(2k − 1)]. This is
impossible since |f(u, r) − f(u, r′)| ≥ 2k and (γ + 1)(2k −
1) − [γ(2k − 1) + 1] = 2k − 2. Note that the cardinality
of each partitioned subset Hi is 2k. This implies that each
vector entry occurs in distinct columns. Hence, Condition B3
(a) of Definition 1 holds. Furthermore, since (u, v) ∈ Hi and
(u′, v′) ∈ Hi, based on (2), it can be seen that vectors u
and v′ agree on j coordinates. Further based on (2), there
are at least d − j coordinates that u and v′ agree, since
the Hamming distance of each two vectors in Aj is larger
than or equal to d − j. This implies that the total number
of coordinates that u and v′ agree is larger than or equal to
d, i.e., the Hamming distance between u and v′ is smaller
than n − d. Thus, we have (u, v′) /∈ H. Based on (3),
we have d(u,r),v′ = ∗. With a similar argument, we also
have d(u′,r′),v = ∗. So Condition B3 (b) of Definition 1
holds. It remains to show that Condition B4 of Definition 1
holds. Suppose that d(u,r),v = (i, γ) for (u, v) ∈ Hi. Based
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on (3), we have d(u,r),v′ = ∗, where v′ is a vector such that
(u′, v′) ∈ Hi, and u′ satisfies f(u′, r′) =< f(u, r) >2k . Note
that f(u, r) = (γ+1)(2k−1)+1 and symbol < b >a denotes
the least positive residue of b module a. So Condition B4
of Definition 1 holds. Given any vector v ∈ Zn0

q0 × Zn1
q1 ×

· · · × Zns−1
qs−1 , the number of vectors u such that dH(u, v) >

n − d is η =
∑n
w=n−d+1

∑
I⊆X ,|I|=w

∏
q
(β)
α ∈I

(qα − 1).
Again based on (3), it can be seen that there are exactly
(2k−1)(Zn0

q0 ×Zn1
q1 ×· · ·×Zns−1

qs−1 −η)“∗”s in each column of
D. So Condition B1 of Definition 1 holds. Furthermore, it can
be seen that each entry of D appears 2k−1 times. This implies
that the number of distinct entries in D is qn0

0 qn1
1 · · · q

ns−1

s−1 η.
Therefore, array D(qn0

0 qn1
1 · · · q

ns−1

s−1 , (2k−1)qn0
0 qn1

1 · · · q
ns−1

s−1 ,
(2k−1)(qn0

0 qn1
1 · · · q

ns−1

s−1 −η), q
n0
0 qn1

1 · · · q
ns−1

s−1 η) DPDA with
a memory ratio of M

N = 1− η

q
n0
0 q

n1
1 ···q

ns−1
s−1

and a transmission

rate of R = η
2k−1 . �

Note that when the subspace has a dimension of k 6= 2,
the memory ratio of the proposed scheme in Theorem 1 will
be larger than 0.5. This is because the minimum Hamming
distance of nontrivial binary linear subspace cannot be greater
than half of the vector length.

In particular, if the parameter s = 1, the following D2D
coded caching scheme can be obtained. It can be considered
as a special case of Theorem 1.

Corollary 1: Given any n, q ∈ N+ with q ≥ 2, there
always exists a (qn, (2k−1)qn, (2k−1)(qn−η), qnη) DPDA
which supports a (qn,M,N) D2D coded caching scheme
with a memory ratio of M

N = 1 − η
qn , an achievable rate of

R = η
2k−1 , and a subpacketization size of (2k − 1)qn, where

η =
∑n
w=n−d+1

(
n
w

)
(q − 1)w.

Let us take the following Example 4 to illustrate the
realization of the scheme characterized in Corollary 1.

Example 4: Given two row full rank matrices

G0 =

 0 1 0 1
0 0 1 1
1 1 1 1

 and G1 =

 0 1 0
0 0 1
1 1 1

 ,

we have the following two linear subspaces

A0 = {e = hG0 | h ∈ Z3
2}

= {(0, 0, 0, 0), (0, 0, 1, 1), (1, 1, 1, 1), (0, 1, 0, 1),
(1, 1, 0, 0), (1, 0, 1, 0), (0, 1, 1, 0), (1, 0, 0, 1)};

A1 = {e = hG1 | h ∈ Z3
2} = {(0, 0, 0), (0, 0, 1), (1, 1, 1),

(0, 1, 0), (1, 0, 0), (1, 0, 1), (1, 1, 0), (0, 1, 1)}.

It can be observed that A0 and A1 are two strong linear sub-
spaces with the same dimension of 3. Moreover, the minimum
Hamming distances of them are 2 and 1, respectively. Note
that n = 4, d = 2, and n − d + 1 = 3. Given q = 2, we
have H = HdH=4 ∪ HdH=3. Based on (2) and subspace A1,
the vector pairs in HdH=3 can be further partitioned into eight
disjoint subsets as

H{0},(0),A1,0
dH=3 = {(0111, 0000), (0110, 0001), (0101, 0010), (0

100, 0011), (0011, 0100), (0010, 0101), (0001, 0110), (0000, 0

111)} , H0;

H{0},(1),A1,0
dH=3 = {(1111, 1000), (1110, 1001), (1101, 1010), (1

100, 1011), (1011, 1100), (1010, 1101), (1001, 1110), (1000, 1

111)} , H1;

H{1},(0),A1,0
dH=3 = {(1011, 0000), (1010, 0001), (1001, 0010), (1

000, 0011), (0011, 1000), (0010, 1001), (0001, 1010), (0000, 1

011)} , H2;

H{1},(1),A1,0
dH=3 = {(1111, 0100), (1110, 0101), (1101, 0110), (1

100, 0111), (0111, 1100), (0110, 1101), (0101, 1110), (0100, 1

111)} , H3;

H{2},(0),A1,0
dH=3 = {(1101, 0000), (1100, 0001), (1001, 0100), (1

000, 0101), (0101, 1000), (0100, 1001), (0001, 1100), (0000, 1

101)} , H4;

H{2},(1),A1,0
dH=3 = {(1111, 0010), (1110, 0011), (1011, 0110), (1

010, 0111), (0111, 1010), (0110, 1011), (0011, 1110), (0010, 1

111)} , H5;

H{3},(0),A1,0
dH=3 = {(1110, 0000), (1100, 0010), (1010, 0100), (1

000, 0110), (0110, 1000), (0100, 1010), (0010, 1100), (0000, 1

110)} , H6;

H{3},(1),A1,0
dH=3 = {(1111, 0001), (1101, 0011), (1011, 0101), (1

001, 0111), (0111, 1001), (0101, 1011), (0011, 1101), (0001, 1

111)} , H7.

Similarly, by using the linear subspace A0, HdH=4 can be
partitioned into two disjoint subsets as

H∅,A0,0
dH=4 = {(1110, 0001), (1101, 0010), (1011, 0100), (1000,

0111), (0111, 1000), (0100, 1011), (0010, 1101), (0001, 1110

)} , H8;

H∅,A0,1
dH=4 = {(1111, 0000), (1100, 0011), (1010, 0101), (1001,

0110), (0110, 1001), (0101, 1010), (0011, 1100), (0000, 1111

)} , H9.

Based on these partitioned subsets, it follows from (3) that
d(0000,0),0000 = ∗. This is because vector pair (0000,0000)
is not included in subset Hi, where i ∈ [0 : 9]. Similarly
with vector pair (0000, 0111) ∈ H0 and f(0000, 0) ∈
[0(23 − 1) + 1 : (0 + 1)(23 − 1)], we can conclude that
d(0000,0),0111 = (0, 0). The other entries can also be derived
in the same method. As a result, a (16, 112, 77, 80) DPDA D
can be obtained, whose first sixteen rows are presented at the
end of page 7. It can be observed that this DPDA can realize a
D2D coded caching scheme with the number of users K = 16,
the memory ratio of M

N = 11
16 , the subpacketization size of

F = 112, and the transmission rate of R = 5
7 .

The above construction framework depends on a class of
strong linear subspaces. In fact, the linear combination of all
the row vectors of generator matrix G0 ofRM(r,m) can form
a strong linear subspace A0. By deleting the last j columns
of G0, another generator matrix Gj can be further obtained,
which yields a strong linear subspace Aj = {e = hGj | h ∈
Zk2}, where j ∈ [1 : n − k]. These strong linear subspaces
have a property that is characterized in the following lemma.
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Lemma 1: Given two integers m and r such that 0 ≤ r ≤ m
and m > 0, there exists a class of strong linear subspaces
Aj = {e = hGj | h ∈ Zk2} over binary field with the same
dimension of k =

∑r
i=0

(
m
i

)
and minimum Hamming distance

d
(j)
min ≥ 2m−r − j, where j ∈ [1 : n− k] and n = 2m.
Proof: Note that the generator matrix G0 of RM(r,m) is

row full rank. It can be simplified into a systematic generator
matrix C0 = (I,B), where I is an identity matrix of order k,
and B is a k×(n−k) matrix. It can be seen that by deleting the
last j columns of C0, the resulting matrix Cj is also row full
rank, where j ∈ [1 : n − k]. This implies that the dimension
of the linear subspace Aj generated by Cj is k. Note that
Aj = {hGj | h ∈ Zk2} = {hCj | h ∈ Zk2}, where Gj denotes
a matrix obtained by deleting the last j columns of G0. It can
be seen that Aj is a strong linear subspace. Furthermore, the
minimum Hamming distance between any two vectors in Aj is
equal to the minimum Hamming weight of any nonzero vector,
and the Hamming weight of any vector in Aj decreases by at
most j through deleting the last j coordinates. Therefore, the
Hamming distance between any two vectors of Aj is larger
than or equal to 2m−r − j. �

Note that the inequality
∑r
i=0

(
m
i

)
≤ 2m − 2m−r + 1

always holds for RM(r,m). By integrating with Lemma 1
and Theorem 1, we immediately have the following result.

Theorem 2: Given any ni, s,m, q0, q1, . . . , qs−1 ∈ N+

and nonnegative integer r with
∑s−1
i=0 ni = n = 2m,

m ≥ r and qi ≥ 2 for i ∈ [0 : s− 1], there always
exists a (qn0

0 qn1
1 · · · q

ns−1

s−1 ,
(
2
∑r
i=0 (

m
i ) − 1

)
qn0
0 qn1

1 · · · q
ns−1

s−1 ,(
2
∑r
i=0 (

m
i ) − 1

)
(qn0

0 qn1
1 · · · q

ns−1

s−1 − η), qn0
0 qn1

1 · · · q
ns−1

s−1 η)
DPDA which supports a (qn0

0 qn1
1 · · · q

ns−1

s−1 ,M,N) D2D coded
caching scheme with a memory ratio of M

N = 1− η

q
n0
0 ···q

ns−1
s−1

,

an achievable rate of R = η

2
∑r
i=0 (

m
i )−1

, and a subpacketization

size of
(
2
∑r
i=0 (

m
i ) − 1

)
qn0
0 qn1

1 · · · q
ns−1

s−1 , where
η =

∑n
w=n−2m−r+1

∑
I⊆X ,|I|=w

∏
q
(β)
α ∈I

(qα − 1) and X =

{q(0)0 , q
(1)
0 , . . . , q

(n0−1)
0 , q

(0)
1 , q

(1)
1 , . . . , q

(n1−1)
1 , . . . , q

(0)
s−1, q

(1)
s−1,

. . . , q
(ns−1−1)
s−1 }.

When we consider the parameter s = 1, the following D2D
coded caching scheme can be further reached. Since its proof
is similar with the one of Theorem 2, it is omitted.

Corollary 2: Given any m, q ∈ N+ and nonnegative
integer r with q ≥ 2 and m ≥ r, there always exists
a (qn,

(
2
∑r
i=0 (

m
i ) − 1

)
qn,

(
2
∑r
i=0 (

m
i ) − 1

)
(qn − η), qnη)

DPDA which supports a (qn,M,N) D2D coded caching
scheme with a memory ratio of M

N = 1 − η
qn , an achievable

rate of R = η

2
∑r
i=0 (

m
i )−1

, and a subpacketization size of(
2
∑r
i=0 (

m
i ) − 1

)
qn, where η =

∑n
w=n−2m−r+1

(
n
w

)
(q − 1)w

and n = 2m.
Theorem 1 establishes the relationship between the DPDA

and the strong linear subspaces. Both the row and column
indices of the constructed DPDA are generated from the
corresponding vector set, while its entries are defined by
the partitioned vector pair subsets. It can be seen that the
subspace dimension determines the size of the partitioned
subset. This implies that the transmission rate depends on the
selection of strong linear subspaces. It prefers to construct a
strong linear subspace that achieves a large dimension for the
fixed Hamming distance. However, this is an open problem in
coding theory. It is found that the binary Reed-Muller code
is a linear code that contains the all-ones vector, and it has a
relatively large dimension for a given Hamming distance. By
shortening such code, a class of strong linear subspaces can be
obtained with the same dimension. Therefore, the Reed-Muller
code based scheme characterized in Theorem 2 may yield a
small transmission rate under a subquadratic subpacketization

0000 0001 0010 0011 0100 0101 0110 0111 1000 1001 1010 1011 1100 1101 1110 1111

0000, 0
0001, 0
0010, 0
0011, 0
0100, 0
0101, 0
0110, 0
0111, 0
1000, 0
1001, 0
1010, 0
1011, 0
1100, 0
1101, 0
1110, 0
1111, 0



∗ ∗ ∗ ∗ ∗ ∗ ∗ (0, 0) ∗ ∗ ∗ (2, 0) ∗ (4, 0) (6, 0) (9, 0)
∗ ∗ ∗ ∗ ∗ ∗ (0, 0) ∗ ∗ ∗ (2, 0) ∗ (4, 0) ∗ (8, 0) (7, 0)
∗ ∗ ∗ ∗ ∗ (0, 0) ∗ ∗ ∗ (2, 0) ∗ ∗ (6, 0) (8, 0) ∗ (5, 0)
∗ ∗ ∗ ∗ (0, 0) ∗ ∗ ∗ (2, 0) ∗ ∗ ∗ (9, 0) (7, 0) (5, 0) ∗
∗ ∗ ∗ (0, 0) ∗ ∗ ∗ ∗ ∗ (4, 0) (6, 0) (8, 0) ∗ ∗ ∗ (3, 0)
∗ ∗ (0, 0) ∗ ∗ ∗ ∗ ∗ (4, 0) ∗ (9, 0) (7, 0) ∗ ∗ (3, 0) ∗
∗ (0, 0) ∗ ∗ ∗ ∗ ∗ ∗ (6, 0) (9, 0) ∗ (5, 0) ∗ (3, 0) ∗ ∗

(0, 1) ∗ ∗ ∗ ∗ ∗ ∗ ∗ (8, 0) (7, 0) (5, 0) ∗ (3, 0) ∗ ∗ ∗
∗ ∗ ∗ (2, 0) ∗ (4, 0) (6, 0) (8, 0) ∗ ∗ ∗ ∗ ∗ ∗ ∗ (1, 0)
∗ ∗ (2, 0) ∗ (4, 0) ∗ (9, 0) (7, 0) ∗ ∗ ∗ ∗ ∗ ∗ (1, 0) ∗
∗ (2, 0) ∗ ∗ (6, 0) (9, 0) ∗ (5, 0) ∗ ∗ ∗ ∗ ∗ (1, 0) ∗ ∗

(2, 1) ∗ ∗ ∗ (8, 0) (7, 0) (5, 0) ∗ ∗ ∗ ∗ ∗ (1, 0) ∗ ∗ ∗
∗ (4, 0) (6, 0) (9, 0) ∗ ∗ ∗ (3, 0) ∗ ∗ ∗ (1, 0) ∗ ∗ ∗ ∗

(4, 1) ∗ (8, 0) (7, 0) ∗ ∗ (3, 0) ∗ ∗ ∗ (1, 0) ∗ ∗ ∗ ∗ ∗
(6, 1) (8, 1) ∗ (5, 0) ∗ (3, 0) ∗ ∗ ∗ (1, 0) ∗ ∗ ∗ ∗ ∗ ∗
(9, 1) (7, 1) (5, 1) ∗ (3, 1) ∗ ∗ ∗ (1, 1) ∗ ∗ ∗ ∗ ∗ ∗ ∗



.

The first sixteen rows of (16, 112, 77, 80) DPDA D
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size. In the proposed DPDA construction, the number of rows
is 2k − 1 times the number of columns, where k is the
dimension of strong linear subspace. Note that the number of
columns is greater than 2k−1. This implies that our proposed
scheme can achieve an exponential gain in subpacketization
size on comparison to the baseline scheme of [16]. Since the
transmission rate and subpacketization size are often a tradeoff
in the design of coded caching schemes, the transmission rate
of the proposed scheme must be greater than the one of [16].
The detailed comparison will be appeared in Section IV-A.

B. Proper Disjoint 3-AP Free Set Based Construction

Let p denote a postive odd integer. A subset B of Zp is called
a 3-term arithmetic progression (3-AP) free set if a+ c 6= 2b
for any three distinct integers a, b, c ∈ B, i.e., it does not
contain any 3-AP [33]. E.g., a subset B = {1, 2, 4, 8} of Z9 is
a 3-AP free set, since any three distinct integers of B do not
form a 3-AP. In this work, we strengthen this 3-AP free set,
and introduce a novel combinatorial structure that was defined
below.

Definition 2: Given any positive odd integer p, a set family
B = {B0,B1, . . . ,Bt−1} composed of t size-g subsets of Zp is
called a (p, t, g) proper disjoint 3-term arithmetic progression
free set if the following constraints are satisfied:

C1. The intersection of any two distinct elements of B is
empty;

C2. For any two distinct integers a, b ∈ Bi, a+b2 /∈
⋃t−1
j=0 Bj ,

i.e., the half sum of any two distinct integers of Bi does not
appear in any element of B.

C3. For any integer a ∈ Bi, a
2 /∈

⋃t−1
j=0 Bj , i.e., the half of

any integer of Bi does not appear in any element of B.
The following Example 5 is given to demonstrate the above

definition.
Example 5: Given p = 15, t = 2, and g = 3, we have

B = {B0,B1} = {{1, 3, 4}, {5, 7, 13}}. This implies that B0∩
B1 = ∅, i.e., Condition C1 of Definition 2 holds. The half sums
of any two distinct integers of Bi are listed as

In B0 :
1 + 3

2
= 2,

1 + 4

2
= 10,

4 + 3

2
= 11;

In B1 :
5 + 7

2
= 6,

5 + 13

2
= 9,

13 + 7

2
= 10.

It can be seen that {2, 6, 9, 10, 11} ∩ B0 = ∅ and
{2, 6, 9, 10, 11} ∩ B1 = ∅. So Condition C2 of Definition 2
holds. Finally, the half of any integer in Bi can be written as

In B0 :
1

2
= 8,

4

2
= 2,

3

2
= 9;

In B1 :
5

2
= 10,

7

2
= 11,

13

2
= 14,

which indicates that {2, 8, 9, 10, 11, 14} ∩ B0 = ∅ and
{2, 8, 9, 10, 11, 14} ∩ B1 = ∅, i.e., Condition C3 of Definition
2 also holds. Therefore, B is a (15, 2, 3) proper disjoint 3-AP
free set.

Note that in [34], a Latin square L was proposed with
its entry defined as lf,k = f+k

2 , where f, k ∈ Zp. By
appropriately adjusting its integer entries and replacing some
entries with “∗”s, an array that satisfies the DPDA constraints

can be further derived. This transformation can be realized by
the combinatorial structure of the proper disjoint 3-AP free
set. Elaborating the use of the proper disjoint 3-AP free set, a
new DPDA with the same number of rows and columns can
be obtained in the following construction.

Construction 2: Given a (p, t, g) proper disjoint 3-AP free
set, a p × p array D = (dx,y), where x, y ∈ Zp, can be
constructed with its entries defined as

dx,y =


(
x+ y

2
, i

)
, if x− y ∈ Bi for i ∈ [0 : t− 1];

∗, otherwise,
(4)

where the arithmetic operations are performed under integer
ring Zp.

The above construction leads to the following result, which
supports a D2D coded caching scheme that has a linear
subpacketization size.

Theorem 3: Given a (p, t, g) proper disjoint 3-AP free set,
there always exists a (p, p, p − tg, pt) DPDA which supports
a (p,M,N) D2D coded caching scheme with a memory
ratio of M

N = 1 − tg
p , an achievable rate of R = t, and a

subpacketization size of p.
Proof: Given any y ∈ Zp, we have {x − y|x ∈ Zp} = Zp.

This implies that each x − y appears exactly once for fixed
y. Note that there are t elements in B, and each element Bi
contains g integers. Based on (4), it can be seen that there exist
tg order pairs in column y, i.e., the number of “∗”s in column
y is p − tg. So Condition B1 of Definition 1 holds. For any
x ∈ Zp, assume that there are two distinct integers y1 and y2
such that dx,y1 = dx,y2 = (s, i), where y1, y2 ∈ Zp. It follows
from (4) that s = x+y1

2 = x+y2
2 , x−y1 ∈ Bi, and x−y2 ∈ Bi.

This implies that y1 = y2, which contradicts the hypothesis.
So each vector entry occurs in distinct rows. Similarly, we can
also show that each vector entry occurs in distinct columns.
Hence, Condition B3 (a) of Definition 1 holds. Without loss
of generality, let us assume that dx1,y1 = dx2,y2 = (s, i) with
x1 6= x2 and y1 6= y2. Further based on (4), we have s =
x1+y1

2 = x2+y2
2 , where x1 − y1 ∈ Bi and x2 − y2 ∈ Bi.

Suppose now to the contrary that dx1,y2 6= ∗, then there exists
an integer j ∈ [0 : t− 1] such that x1 − y2 = c ∈ Bj . Let
a = x1 − y1 and b = x2 − y2. We have a − b = 2(y2 − y1)
due to x1 + y1 = x2 + y2. This implies that c − a = y1 −
y2 = b−a

2 , i.e., c = a+b
2 , where a, b ∈ Bi. If a = b, then

we have x1 = x2 − y2 + y1. Again based on (4), it can be
seen that s = x1+y1

2 = x2−y2+2y1
2 = x2+y2

2 . This implies that
y1 = y2, which contradicts the hypothesis of y1 6= y2. Thus,
we have a 6= b, which indicates that c = a+b

2 ∈ Bj . This is
impossible since B is a proper disjoint 3-AP free set. Hence,
we have dx1,y2 = ∗. With a similar argument, we can also
show that dx2,y1 = ∗. So Condition B3 (b) of Definition 1
holds. It remains to show that Condition B4 of Definition 1
holds. Suppose that dx,y = (s, i), then we have s = x+y

2 and
x−y ∈ Bi. Based on the last constraint of Definition 2, it can
be seen that x−y

2 /∈ Bj for j ∈ [0 : t− 1]. This indicates that
x − s = x−y

2 /∈ Bj , i.e., dx,s = ∗. Therefore, Condition B4
of Definition 1 holds. Finally, let us determine the number of
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distinct entries of D. Without loss of generality, let us consider
the following system with two equations,

x+ y

2
= s;

x− y = e,

where e ∈ Bi. Note that given s and e, the system has a unique
solution. Since the cardinality of Bi is equal to g, it can be
seen that each entry (s, i) appears exactly g times in D. This
implies that the number of distinct entries of D is tgp

g = tp.
Therefore, array D a (p, p, p − tg, pt) DPDA with a memory
ratio of M

N = 1− tg
p and a transmission rate of R = t. �

Continued from Example 5, we present the following
Example 6 to demonstrate the realization of the scheme
characterized in Theorem 3.

Example 6: Given a (15, 2, 3) proper disjoint 3-AP free set
of Example 5, based on (4), we have d0,0 = ∗ due to 0− 0 =
0 /∈ B0 ∪B1. Similarly with 1− 0 = 1 ∈ B0 and 0+1

2 = 16
2 =

8, we can obtain d0,1 = (8, 0). The other entry dx,y , where
x, y ∈ Z15, can be derived in the same manner. Consequently,
the following (15, 15, 9, 30) DPDA D can be obtained. It can
provide a D2D coded caching scheme with K = 15 users, the
memory ratio M

N = 3
5 , the subpacketization size F = 15, and

the transmission rate R = 2.
The main intuition of the above example is as follows. Given

a (15, 2, 3) proper disjoint 3-AP free set, we first construct a
diagonally cyclic Latin square L of order 15 with its entry
defined as lx,y = x+y

2 , where x, y ∈ Z15, and replace the entry
lx,y with “∗” if x− y /∈ B0 ∪B1. It can be seen that this step
guarantees Condition B1 of Definition 1, since each column
of L has exactly 15 −

∑1
j=0 |Bj | = 9“∗”s. The remaining

entries are then assigned with the corresponding subscript i if
x− y ∈ Bi. Conditions B3 (b) and B4 of Definition 1 can be
satisfied by the last two constraints of a proper disjoint 3-AP
free set. Finally, since our construction is derived from a Latin
square, Condition B3 (a) of Definition 1 always holds.

TABLE I
FOUR PROPER DISJOINT 3-AP FREE SETS

Note that the scheme characterized in Theorem 3 depends
on a (p, t, g) proper disjoint 3-AP free set. However, the
corresponding parameters g and t are unknown in general,
and it is challenging to provide a mathematical construction
such that g can be as large as possible for the fixed p and t.
Alternatively, we can formulate some kinds of proper disjoint
3-AP free sets based on the following Algorithm 2.

The realization of Algorithm 2 can be partitioned into two
parts. The first part in lines 1-4 aims to find a subset B′
that satisfies the Condition C3 of Definition 2, which may
yield a complexity of O(p). In each cycle, if an integer of
Z′p is selected to B′, its half and double are moved to the
excluded set. In the second part, B′ is further divided into t
disjoint subsets with the same size such that Condition C2 of
Definition 2 can be satisfied. This process is realized by
lines 5-18 with a complexity of O(p2). The remaining set
is initialized by B′. In each cycle, the integer of remaining
set satisfying Condition C2 of Definition 2 is moved to B′i.
The cycle ends until the subset size matches the target size
or the remaining set is empty. For the unallocated integers
in the remaining set, lines 12-17 try to move them to the
subset B′i that is sorted by its size, where i = 1, 2, . . ., t.
Finally, line 18 constructs Bi with the same size. Therefore,
the realization complexity of the proposed algorithm is O(p2).

0 1 2 3 4 5 6 7 8 9 10 11 12 13 14

0
1
2
3
4
5
6
7
8
9
10
11
12
13
14



∗ ∗ (1, 1) ∗ ∗ ∗ ∗ ∗ (4, 1) ∗ (5, 1) (13, 0) (6, 0) ∗ (7, 0)
(8, 0) ∗ ∗ (2, 1) ∗ ∗ ∗ ∗ ∗ (5, 1) ∗ (6, 1) (14, 0) (7, 0) ∗
∗ (9, 0) ∗ ∗ (3, 1) ∗ ∗ ∗ ∗ ∗ (6, 1) ∗ (7, 1) (0, 0) (8, 0)

(9, 0) ∗ (10, 0) ∗ ∗ (4, 1) ∗ ∗ ∗ ∗ ∗ (7, 1) ∗ (8, 1) (1, 0)
(2, 0) (10, 0) ∗ (11, 0) ∗ ∗ (5, 1) ∗ ∗ ∗ ∗ ∗ (8, 1) ∗ (9, 1)
(10, 1) (3, 0) (11, 0) ∗ (12, 0) ∗ ∗ (6, 1) ∗ ∗ ∗ ∗ ∗ (9, 1) ∗
∗ (11, 1) (4, 0) (12, 0) ∗ (13, 0) ∗ ∗ (7, 1) ∗ ∗ ∗ ∗ ∗ (10, 1)

(11, 1) ∗ (12, 1) (5, 0) (13, 0) ∗ (14, 0) ∗ ∗ (8, 1) ∗ ∗ ∗ ∗ ∗
∗ (12, 1) ∗ (13, 1) (6, 0) (14, 0) ∗ (0, 0) ∗ ∗ (9, 1) ∗ ∗ ∗ ∗
∗ ∗ (13, 1) ∗ (14, 1) (7, 0) (0, 0) ∗ (1, 0) ∗ ∗ (10, 1) ∗ ∗ ∗
∗ ∗ ∗ (14, 1) ∗ (0, 1) (8, 0) (1, 0) ∗ (2, 0) ∗ ∗ (11, 1) ∗ ∗
∗ ∗ ∗ ∗ (0, 1) ∗ (1, 1) (9, 0) (2, 0) ∗ (3, 0) ∗ ∗ (12, 1) ∗
∗ ∗ ∗ ∗ ∗ (1, 1) ∗ (2, 1) (10, 0) (3, 0) ∗ (4, 0) ∗ ∗ (13, 1)

(14, 1) ∗ ∗ ∗ ∗ ∗ (2, 1) ∗ (3, 1) (11, 0) (4, 0) ∗ (5, 0) ∗ ∗
∗ (0, 1) ∗ ∗ ∗ ∗ ∗ (3, 1) ∗ (4, 1) (12, 0) (5, 0) ∗ (6, 0) ∗



.

(15, 15, 9, 30) DPDA D
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Algorithm 2 Generating the Proper Disjoint 3-AP Free Set
Input: Positive odd integer p, subset number t;
Output: B = {B0,B1, . . .,Bt−1};
Initialization: Set Z′p = Zp \ {0}; B′ = ∅; B′excluded = ∅;
B′1 = B′2 = . . . = B′t = ∅;

1: Let inv2 denote the modular inverse of 2 modulo p;
Calculate Zdouble

p = (2 × Z′p)modp; Calculate Zhalf
p =

(Z′p × inv2)modp;
2: for i = 1, 2, . . . , p− 1 do
3: If Z′p(i) /∈ B′excluded, add Z′p(i) to B′, and add Z double

p (i)
and Zhalf

p (i) to B′excluded;
4: end for
5: Let |B′| = n; Set the remaining element set R = B′; Set

the target set size Ts
(
1 : n− bnt c × t

)
= bnt c+ 1;

6: for i = 1, 2, . . . , t do
7: While |B′i| < Ts(i) && R 6= ∅
8: for j = 1, 2, . . . , |R| do
9: If ((R(j) + B′i)× inv2)modp /∈ B′i, then B′i = B′i ∪

{R(j)}, and R = R \ {R(j)};
10: end for
11: end for
12: If R 6= ∅, sort the subset indices in ascending order based

on its size; Denote the subset indices by I;
13: for k ∈ R do
14: for i ∈ I do
15: If ((k+B′i)× inv2)modp /∈ B′i, then B′i = B′i ∪ {k},

and update I;
16: end for
17: end for
18: Let g = min{|B′1|, |B′2|, . . ., |B′t|}, and let Bi−1 be an

arbitrary subset of B′i with a size of g;

Table I presents some proper disjoint 3-AP free sets that are
generated by Algorithm 2.

The scheme of Theorem 3 is derived by the (p, t, g) proper
disjoint 3-AP free set B. The size of Bi determines its
transmission rate. Algorithm 2 is proposed to generate a proper
disjoint 3-AP free set such that g can be as large as possible
for the fixed p and t. This implies that the proposed scheme of
Theorem 3 can also achieve a small transmission rate under
a linear subpacketization size. Note that the DPDA derived
from the proper disjoint 3-AP free set is a square array, i.e.,
the number of users is the same as the subpacketization size.
This implies that subpacketization size of the proposed scheme
is far smaller than that of [16]. However, the transmission rate
is greater than that of [16].

IV. PERFORMANCE ANALYSES OF THE NEW SCHEME

This section shows the performances of the proposed D2D
coded caching schemes in terms of the subpacketization size
and transmission rate. Note that the memory ratios of the
schemes proposed in [20] and [21] are both smaller than
0.5, while our proposed schemes are greater than 0.5. It
is impossible to compare their subpacketization sizes and
transmission rates with the same memory ratio. Furthermore,
the scheme proposed in [22] can be regarded as a special
case of the scheme characterized in Theorem 3. Therefore,

TABLE II
SUMMARY OF THE EXISTING D2D CODED CACHING SCHEMES

in this section, we only compare the proposed schemes with
the existing ones of [16] and [19] in Table II.

A. Comparison Between the Schemes of Corollary 2, [16],
and [19]

We first compare the proposed scheme with the scheme of
[16]. Based on Corollary 2, a D2D coded caching scheme can
be obtained with K = qn users, a subpacketization size of
F =

(
2
∑r
i=0 (

m
i ) − 1

)
qn, the memory ratio of M

N = 1− η
qn ,

and a transmission rate of R = η

2
∑r
i=0 (

m
i )−1

. When t = qn−η,

the scheme of [16] can support the same number of users
and with the same memory ratio, while its subpacketization
size and transmission rate are F ′ = (qn − η)

(
qn

η

)
and R′ =

qn

qn−η − 1, respectively. Therefore, we have

F ′

F
=

(qn − η)
(
qn

η

)(
2
∑r
i=0 (

m
i ) − 1

)
qn
,
R′

R
=

2
∑r
i=0 (

m
i ) − 1

qn − η
,

where η =
∑n
w=n−2m−r+1

(
n
w

)
(q − 1)w. Note that the above

two ratios cannot provide an intuitive conclusion. In the
following we choose specific parameters for the comparison
so that they can yield an exact ratio. If q = 2 and r = 1, we
have η = 2n−1− 1

2

(
n
n
2

)
and n = 2m. The subpacketization size

ratio between the schemes of [16] and Corollary 2 becomes

F ′

F
=

(
2n−1 + 1

2

(
n
n
2

)) (
2n

2n−1− 1
2 (

n
n
2
)
)

(2n− 1)2n

>

(
2n−1 + 1

2

(
n
n
2

)) ( 2n−(nn
2
)

2n−1− 1
2 (

n
n
2
)

)
(2n− 1)2n

≈

(
2n−1 + 2n√

2πn

)
2

(
1− 1√

πn
2

)
2n

(2n− 1)2n

√
π
2

(
1− 1√

πn
2

)
2n

= O(22
n

).
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TABLE III
COMPARISON BETWEEN THE SCHEME IN COROLLARY 2

AND THE SCHEMES OF [16] AND [19]

Note that
(
n
n
2

)
≈ 2n√

πn
2

. Furthermore, the transmission

rate ratio between the scheme of [16] and the scheme of
Corollary 2 can be expressed as

R′

R
=

2m+1 − 1

2n−1 + 1
2

(
n
n
2

) ≈ 2n− 1

2n−1 + 2n√
2πn

= O
(

1

2n

)
.

This implies that our proposed scheme reduces the subpack-
etization size substantially. Meanwhile, the transmission rate
of the proposed scheme is only O(2n) of that of the scheme
in [16].

In order to further verify the advantages of the proposed
scheme of Corollary 2, we compare it with the schemes of
[16] and [19] in Table III. The parameters of the schemes in
Corollary 2 and [16], [19] are parameterized by (m, r, q),(k, t)
and (n, p, z, t), respectively. Table III shows that in comparison
with the scheme of [16], our proposed scheme achieves a
smaller subpacketization size. But this is at the cost of some
transmission rate. Moreover, with the same number of users
and the same memory ratio, in comparison with the scheme
of [19], our proposed scheme yields a lower transmission rate
and also a smaller subpacketization size.

B. Comparison Between the Schemes of Theorem 3, [16],
and [19]

We further compare the performance of our proposed
scheme in Theorem 3 with the schemes of [16] and [19]
numerically. For the scheme of Theorem 3, let (p, t, g) ∈
{(177, 1, 20), (177, 2, 18), (177, 3, 17), (177, 10, 8)}, which is
generated by Algorithm 2. For the scheme of [16], let k = 177
and t ∈ [1 : 176]. For the scheme of [19], let p = 59, n = 3,
t = 1, and z ∈ {1} ∪ [30 : 58]. Figs. 2 and 3 compare their
transmission rate R and subpacketizaion size F against the
memory ratio M

N . It can be observed that with a slightly
higher transmission rate, our proposed scheme of Theorem 3
significantly reduces the subpacketization size of the scheme
in [16]. In comparison with the scheme of [19], our proposed
scheme has advantages in both the subpacketization size and
transmission rate. Note that the memory ratio of the proposed
scheme will be greater than 0.5. This is because the proposed
DPDA scheme depends on the (p, t, g) proper disjoint 3-AP
free set and its size tg is smaller than p

2 . However, by using

Fig. 2. Transmission rate comparison between the schemes in Theorem 3,
and [16], [19], where K = 177.

Fig. 3. Subpacketization size comparison between the schemes in
Theorem 3, and [16], [19], where K = 177.

the memory sharing technique, a memory ratio of less than
0.5 can be achieved.

V. CONCLUSION

This paper has investigated the D2D coded caching design
from the perspectives of linear algebra and additive combi-
natorics. It was found that designing a D2D coded caching
scheme with a low subpacketization size can be transformed
into problems related to the structures of linear subspace and
3-AP free set. Based on this comprehension, a new class of
strong linear subspaces has been derived by shortening the
binary Reed-Muller codes. Furthermore, a new combinatorial
structure called proper disjoint 3-AP free set has been pro-
posed to construct DPDAs with the same number of rows and
columns. Leveraging our proposed construction frameworks,
the resulting D2D coded caching schemes can exhibit a small
subpacketization size while maintaining a good rate-memory
tradeoff.
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